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A collection of integrable systems
of the Toda type in continuous and discrete time,
with 2× 2 Lax representations
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Abstract. A fairly complete list of Toda–like integrable lattice systems, both in the contin-
uous and discrete time, is given. For each system the Newtonian, Lagrangian and Hamiltonian
formulations are presented, as well as the 2× 2 Lax representation and r–matrix structure. The
material is given in the ”no comment” style, in particular, all proofs are omitted.
0 Introduction
This paper contains almost exclusively a large number of formulas presented in the ”no
comment”–style. I hope that they will speak for themselves and tell once more the story
on how much contain two simple systems: the Toda lattice and the relativistic Toda
lattice. I have only tried to collect many closely related results in the form that makes
the interrelations quite transparent. All proofs are omitted, because they consist of a
direct verification.
I present a large number of integrable Newtonian systems, both in the continuous and
discrete time, and give for all of them the equivalent Lagrangian and, for the continuous
time systems, also Hamiltonian formulations (generalities are given in the Sect. 1), and
also present 2 × 2 Lax representations. All these systems are reparametrizations of the
Toda and the relativistic Toda lattices or their discrete time analogs (reminded in the
Sect. 2, 3). For these systems the ”big” Lax representations are well known (they include
N × N matrices for the N–particle lattices). So, the corresponding reparametrizations
immediately imply the ”big” Lax representations for all our systems. In principle, the
transition from the ”big” Lax representation to the 2× 2 one is well understood, at least
at the formal level: they correspond to two different ways to represent a spectral problem
connected with the second order linear difference operator. However, such transition is
not uniquely defined, it may be performed in infinitely many different ways leading to
different but gauge equivalent 2 × 2 Lax matrices. The problem is to find the gauge
leading to the most nice Lax matrices. In particular, it is usualy required that the matrix
Lk depends only on xk, pk, the coordinates and momenta of the kth particle. To find
such gauge is sometimes a nontrivial task. I give here a collection of Lax representations
having this property.
The last Section contains several historical remarks.
1 Newtonian, Lagrangian, and Hamiltonian
systems in continuous and discrete time
In what follows we consider continuous time lattice systems in the Newtonian form:
x¨k = Fk(x, x˙) (1.1)
They all may be put into the Euler–Lagrange form
d
dt
∂L(x, x˙)
∂x˙k
+
∂L(x, x˙)
∂xk
= 0 (1.2)
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We will call the Lagrangian formulation of such equations the system
pk = ∂L(x, x˙)/∂x˙k
p˙k = −∂L(x, x˙)/∂xk
(1.3)
The Hamiltonian formulation of these equations:
x˙k = ∂H(x, p)/∂pk
p˙k = −∂H(x, p)/∂xk
(1.4)
The well–known Legendre transform gives a relation between the Lagrange and the Hamil-
ton functions:
H(x, p) =
∑
k
x˙kpk − L(x, x˙) (1.5)
A discrete time analog of the Euler–Lagrange equations (1.2):
∂
∂xk
(
Λ(x˜, x) + Λ(x, x˜)
)
= 0 (1.6)
We will call the Lagrangian formulation of such equations the system
pk = −∂Λ(x˜, x)/∂xk
p˜k = ∂Λ(x˜, x)/∂x˜k
(1.7)
The Hamiltonian formulation in the discrete time case is not well–defined. However, for
the systems related to the relativistic Toda hierarchy, we will find nice approximations of
the Hamiltonian equations of motion (1.4).
2 Simplest flow of the Toda hierarchy
and its bi–Hamiltonian structure
The simplest flow of the Toda hierarchy (hereafter denoted by TL) is:
a˙k = ak(bk+1 − bk), b˙k = ak − ak−1 (2.1)
Its discretization (called hereafter dTL):
a˜k = ak
βk+1
βk
, b˜k = bk + h
(
ak
βk
−
ak−1
βk−1
)
(2.2)
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where βk = βk(a, b) are defined as a unique set of functions satisfying the relations
βk = 1 + hbk −
h2ak−1
βk−1
= 1 + hbk +O(h
2) (2.3)
Both the TL and the dTL are bi–Hamiltonian. The first (”linear”) invariant Poisson
bracket:
{ak, bk}1 = −{ak, bk+1}1 = ak (2.4)
The second (”quadratic”) one:
{ak, ak+1}2 = −ak+1ak, {bk, bk+1}2 = −ak
{ak, bk}2 = akbk, {ak, bk+1}2 = −akbk+1
(2.5)
The Hamilton functions generating the flow TL in these brackets:
H1(a, b) =
1
2
∑
k
b2k +
∑
k
ak, H2(a, b) =
∑
k
bk (2.6)
3 Simplest flows of the relativistic Toda hierarchy
and their bi–Hamiltonian structure
The first flow of the relativistic Toda hierarchy (denoted hereafter RTL+):
d˙k = dk(ck − ck−1), c˙k = ck(dk+1 + ck+1 − dk − ck−1) (3.1)
The second flow of the relativistic Toda hierarchy (denoted hereafter RTL−):
d˙k = dk
(
ck
dkdk+1
−
ck−1
dk−1dk
)
, c˙k = ck
(
1
dk
−
1
dk+1
)
(3.2)
An integrable discretization of the flow RTL+ (denoted hereafter dRTL+):
d˜k = dk
ak+1 − hdk+1
ak − hdk
, c˜k = ck
ak+1 + hck+1
ak + hck
(3.3)
where ak = ak(c, d) is defined as a unique set of functions satisfying the relations
ak = 1 + hdk +
hck−1
ak−1
= 1 + h(dk + ck−1) +O(h
2) (3.4)
An integrable discretization of the flow RTL– (denoted hereafter dRTL−):
d˜k = dk+1
dk − hdk−1
dk+1 − hdk
, c˜k = ck+1
ck + hdk
ck+1 + hdk+1
(3.5)
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where dk = dk(c, d) is defined as a unique set of functions satisfying the relations
dk =
ck
dk − h− hdk−1
=
ck
dk
+O(h) (3.6)
An integrable difference equation (hereafter called explicit dRTL):
d˜k = dk−1
dk + ck
dk−1 + ck−1
, c˜k = ck
dk+1 + ck+1
dk + ck
(3.7)
This map is not close to the identity and therefore cannot serve as a discretization of some
flow of the RTL hierarchy. However, it becomes related to the flow TL, if
dk ≈ 1 + hbk, ck ≈ h
2ak (3.8)
(see Sect. 7 for details).
The flows RTL± and the maps dRTL± and explicit dRTL are bi–Hamiltonian. The
first (linear) invariant Poisson bracket:
{ck, dk+1}1 = −ck, {ck, dk}1 = ck, {dk, dk+1}1 = ck (3.9)
(only the non–vanishing brackets are written down), and Hamilton functions generating
the flows (3.1), (3.2) in this bracket:
H
(+)
1 (c, d) =
1
2
∑
k
(dk + ck−1)
2 +
∑
k
(dk + ck−1)ck (3.10)
H
(−)
1 (c, d) = −
∑
k
log(dk) (3.11)
The second (quadratic) invariant Poisson bracket:
{ck, ck+1}2 = −ckck+1, {ck, dk+1}2 = −ckdk+1, {ck, dk}2 = ckdk (3.12)
the corresponding Hamilton functions:
H
(+)
2 (c, d) =
∑
k
(dk + ck) (3.13)
H
(−)
2 (c, d) =
∑
k
dk + ck
dkdk+1
(3.14)
4 Systems TL and dTL:
Parametrization of the linear bracket
Canonical parametrization of the bracket {·, ·}1:
ak = e
xk+1−xk , bk = pk (4.1)
The resulting system is the conventional Toda lattice.
4
4.1 The flow TL
Hamilton function:
H(x, p) = H1(a, b) =
1
2
∑
k
p2k +
∑
k
exk−xk−1 (4.2)
Hamiltonian equations of motion:
x˙k = pk
p˙k = e
xk+1−xk − exk−xk−1
(4.3)
Newtonian equations of motion:
x¨k = e
xk+1−xk − exk−xk−1 (4.4)
4.2 The map dTL
Lagrangian form of equations of motion:
hpk = e
x˜k−xk − 1 + h2exk−x˜k−1
hp˜k = e
x˜k−xk − 1 + h2exk+1−x˜k
(4.5)
Newtonian form of equations of motion:
e
x˜k−xk
− e
xk−xk˜ = h2(e xk+1˜ −xk − exk−x˜k−1) (4.6)
4.3 Lax representations and r–matrix structure
The both systems above allow a Lax representation with the Lax matrix
Lk =
 pk + λ e
xk
−e−xk 0
 (4.7)
This matrix satisfies the r–matrix ansatz
{Lk(λ) ⊗, Lj(µ)} =
[
P
λ− µ
, Lk(λ)⊗ Lk(µ)
]
δkj (4.8)
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with
P =

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1
 (4.9)
which assures the complete integrabilty.
The Lax representation for the flow TL:
L˙k = Mk+1Lk − LkMk (4.10)
with
Mk =
 −λ −e
xk
e−xk−1 0
 (4.11)
The Lax representation for the map dTL:
L˜kVk = Vk+1Lk (4.12)
with
Vk =
 1− hλ− h
2exk−x˜k−1 −hexk
he−x˜k−1 1
 (4.13)
5 Systems TL and dTL:
Parametrization of the quadratic bracket
Canonical parametrization of the bracket {·, ·}2:
ak = e
xk+1−xk+pk , bk = e
pk + exk−xk−1. (5.1)
The resulting system is the modified Toda lattice.
5.1 The flow TL
Hamilton function:
H(x, p) = H2(a, b) =
∑
k
epk +
∑
k
exk−xk−1 (5.2)
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Hamiltonian equations of motion:
x˙k = e
pk
p˙k = e
xk+1−xk − exk−xk−1
(5.3)
Newtonian equations of motion:
x¨k = x˙k
(
exk+1−xk − exk−xk−1
)
(5.4)
5.2 The map dTL
Lagrangian form of equations of motion.
hepk =
(
ex˜k−xk − 1
) (
1 + hexk−x˜k−1
)
hep˜k =
(
ex˜k−xk − 1
) (
1 + hexk+1−x˜k
) (5.5)
Newtonian form of equations of motion:
(
ex˜k−xk − 1
)
(
e
xk−xk˜ − 1) =
(
1 + he
xk+1˜ −xk)(
1 + hexk−x˜k−1
) (5.6)
5.3 Lax representations and r–matrix structure
Lax representations for the both systems above include the Lax matrix
Lk =
 λe
pk − λ−1 exk
−e−xk λ
 (5.7)
satisfying the r–matrix ansatz
{Lk(λ) ⊗, Lj(µ)} =
[
r(λ, µ) , Lk(λ)⊗ Lk(µ)
]
δkj (5.8)
with
r(λ, µ) =

1
2
λ2+µ2
λ2−µ2
0 0 0
0 −1
2
λµ
λ2−µ2
0
0 λµ
λ2−µ2
1
2
0
0 0 0 1
2
λ2+µ2
λ2−µ2
 (5.9)
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The Lax representation for the flow TL: (4.10) with
Mk =
 λ
−2 + exk−xk−1 −λ−1exk
λ−1e−xk−1 0
 (5.10)
The Lax representation for the map dTL: (4.12) with
Vk =
 1 + hλ
−2 + hexk−x˜k−1 −hλ−1exk
hλ−1e−x˜k−1 1
 (5.11)
6 Systems TL and dTL:
Parametrization of the mixed bracket
For an arbitrary real ǫ the linear combination {·, ·}1+ǫ{·, ·}2 allows the following canonical
parametrization (a 1-parameter deformation of (4.1)):
ak = e
xk+1−xk+ǫpk , bk =
eǫpk − 1
ǫ
+ ǫexk−xk−1 (6.1)
6.1 The flow TL
Hamilton function:
H(x, p) = ǫ−1H2(a, b)− ǫ
−1
∑
k
pk =
∑
k
eǫpk − 1− ǫpk
ǫ2
+
∑
k
exk−xk−1 (6.2)
Hamiltonian equations of motion:
x˙k =
(
eǫpk − 1
)
/ǫ
p˙k = e
xk+1−xk − exk−xk−1
(6.3)
Newtonian equations of motion:
x¨k = (1 + ǫx˙k)
(
exk+1−xk − exk−xk−1
)
(6.4)
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6.2 The map dTL
Lagrangian form of equations of motion:
heǫpk =
(
ǫ
(
ex˜k−xk − 1
)
+ h
)(
1 + hǫexk−x˜k−1
)
heǫp˜k =
(
ǫ
(
ex˜k−xk − 1
)
+ h
)(
1 + hǫexk+1−x˜k
) (6.5)
Newtonian form of equations of motion:
ǫ
(
ex˜k−xk − 1
)
+ h
ǫ
(
e
xk−xk˜ − 1)+ h =
(
1 + hǫe
xk+1˜ −xk)(
1 + hǫexk−x˜k−1
) (6.6)
A special case ǫ = h. If the parameter ǫ coincides with the (small) stepsize h, then the
previous discrete time system simplifies and serves as a discretization of the Toda lattice.
The corresponding Lagrangian equations of motion:
ehpk = ex˜k−xk
(
1 + h2exk−x˜k−1
)
ehp˜k = ex˜k−xk
(
1 + h2exk+1−x˜k
) (6.7)
Newtonian form of equations of motion:
e
x˜k−2xk+xk˜ =
(
1 + h2e
xk+1˜ −xk)(
1 + h2exk−x˜k−1
) (6.8)
6.3 Lax representations and r–matrix structure
The both systems above have Lax representations with the Lax matrix
Lk =
 λe
ǫpk − λ−1 ǫexk
−ǫe−xk λǫ2
 (6.9)
which satisfies the following r–matrix ansatz:
{Lk(λ) ⊗, Lj(µ)} = ǫ
[
r(λ, µ) , Lk(λ)⊗ Lk(µ)
]
δkj (6.10)
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with the r–matrix (5.9).
The Lax representation for the flow TL: (4.10) with
Mk =

λ−2 − 1
ǫ
+ ǫexk − xk−1 −λ−1exk
λ−1e−xk−1 0
 (6.11)
The Lax representation for the map dTL: (4.12) with
Vk =

1−
h
ǫ
+
h
ǫ
λ−2 + h(ǫ− h)exk−x˜k−1 −hλ−1exk
hλ−1e−x˜k−1 1
 (6.12)
Special case ǫ = h. In this case also the Lax representation of the map dTL simplifies
significantly: it reads (4.12) with
Lk =
 λe
hpk − λ−1 hexk
−he−xk λh2
 (6.13)
Vk =
 λ
−2 −hλ−1exk
hλ−1e−x˜k−1 1
 (6.14)
7 Explicit dRTL: different parametrizations
7.1 Hirota’s discretization of the Toda lattice
This system corresponds to the following parametrization of the (c, d) variables of the
relativistic Toda hierarchy:
ck = h
2exk+1−xk , dk = 1 + hpk − h
2exk−xk−1 (7.1)
This results in the Poisson bracket h{·, ·}1.
The equations of motion of the explicit dRTL map in this parametrization may be put
in the following Lagrangian form:
hpk = e
x˜k−xk − 1− h2exk+1−xk + h2exk−xk−1
hp˜k = e
x˜k−xk − 1
(7.2)
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It follows a nice ”Hamiltonian” form of equations of motion:
ex˜k−xk − 1 = hp˜k
p˜k − pk = he
xk+1−xk − hexk−xk−1
(7.3)
The Newtonian form of equations of motion:
e
x˜k−xk
− e
xk − xk˜ = h2(exk+1−xk − exk − xk−1) (7.4)
The Lax representation: (4.12) with
Lk =
 pk + λ e
xk
−(1 + hpk)e
−xk −h
 (7.5)
Vk =
 1− hλ− h
2exk−xk−1 −hexk
he−xk−1 1
 (7.6)
Note that the matrix Vk depends only on the xj ’s, and not on their discrete time updates
x˜j or on the momenta pj . This will be the common feature of all the results in this Section.
The Lax matrix (7.5) is a one–parameter deformation of the standard Toda Lax matrix
(4.7), but still satisfies the r–matrix ansatz (4.8)
7.2 Standard discretization of the Toda lattice
This system corresponds to the following parametrization of the variables (c, d) of the
relativistic Toda hierarchy:
ck = h
2exk+1−xk+hpk , dk = e
hpk (7.7)
This results in the Poisson bracket h{·, ·}2. The equations of motion of the explicit dRTL
map may be presented in this parametrization in the following Lagrange form:
ehpk = ex˜k−xk
(
1 + h2exk−xk−1
)
(
1 + h2exk+1−xk
)
ehp˜k = ex˜k−xk
(7.8)
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This may be presented in a nice ”Hamiltonian” form:
x˜k − xk = hp˜k
ehp˜k−hpk =
(
1 + h2exk+1−xk
)
(
1 + h2exk−xk−1
) (7.9)
The Newtonian form of equations of motion:
e
x˜k−2xk+xk˜ =
(
1 + h2exk+1−xk
)
(
1 + h2exk−xk−1
) (7.10)
The Lax representation: (4.12) with
Lk =
 λe
hpk − λ−1 hexk
−he−xk+hpk 0
 (7.11)
Vk =
 λ
−2 −hλ−1exk
hλ−1e−xk−1 1
 (7.12)
The Lax matrix (7.11) is also a 1–parameter deformation of the standard Toda Lax matrix
(4.7), but satisfies a different r–matrix ansatz:
{Lk(λ) ⊗, Lj(µ)} = h
[
r(λ, µ) , Lk(λ)⊗ Lk(µ)
]
δkj (7.13)
with the r–matrix (5.9).
7.3 Explicit discretization of the modified Toda lattice
This system corresponds to the following parametrization of the variables (c, d) of the
relativistic Toda hierarchy:
ck = h
2exk+1−xk+pk , dk = 1 + he
pk + hexk−xk−1 (7.14)
This results in the Poisson bracket {·, ·}2−{·, ·}1. The equations of motion of the explicit
dRTL map may be presented in this parametrization in the following Lagrange form:
hepk =
(
ex˜k−xk − 1
) (1 + hexk−xk−1)(
1 + hexk+1−xk
)
hep˜k =
(
ex˜k−xk − 1
) (7.15)
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This may be presented in a nice ”Hamiltonian” form:
ex˜k−xk − 1 = hep˜k
ep˜k−pk =
(
1 + hexk+1−xk
)
(
1 + hexk−xk−1
) (7.16)
The Newtonian form of equations of motion:(
e
x˜k−xk
− 1
)
(
e
xk−xk˜ − 1) =
(
1 + hexk+1−xk
)
(
1 + hexk−xk−1
) (7.17)
The Lax representation: (4.12) with
Lk =

λepk − λ−1 exk
−
(
1 + hepk
)
e−xk λ
 (7.18)
Vk =
 1 + hλ
−2 + hexk−xk−1 −hλ−1exk
hλ−1e−xk−1 1
 (7.19)
The Lax matrix (7.18) is a 1–parameter deformation of the Lax matrix (5.7), but satisfies
the same r–matrix ansatz (5.8).
8 Systems RTL± and dRTL±:
Parametrization of the quadratic bracket
Canonical parametrization of the bracket {·, ·}2:
dk = e
pk , ck = g
2exk+1−xk+pk (8.1)
The resulting system is the relativistic Toda lattice.
8.1 The flow RTL+
Hamilton function:
H(x, p) = H
(+)
2 (c, d) =
∑
k
epk
(
1 + g2exk+1−xk
)
(8.2)
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Hamiltonian equations of motion:
x˙k = e
pk
(
1 + g2exk+1−xk
)
p˙k = g
2exk+1−xk+pk − g2exk−xk−1+pk−1
(8.3)
Lagrangian equations of motion:
epk =
x˙k(
1 + g2exk+1−xk
)
p˙k = x˙k
g2exk+1−xk(
1 + g2exk+1−xk
) − x˙k−1 g2exk−xk−1(
1 + g2exk−xk−1
)
(8.4)
Newtonian equations of motion:
x¨k = x˙k+1x˙k
g2exk+1−xk(
1 + g2exk+1−xk
) − x˙kx˙k−1 g2exk−xk−1(
1 + g2exk−xk−1
) (8.5)
8.2 The map dRTL+
”Hamiltonian” form of equations of motion:
ex˜k−xk − 1 = hep˜k
(
1 + g2exk+1−x˜k
)
ep˜k − pk =
(
1 + hg2exk+1−x˜k+p˜k
)
(
1 + hg2exk−x˜k−1+p˜k−1
) (8.6)
Lagrangian form of equations of motion:
hepk =
(
ex˜k−xk − 1
)
(
1 + g2exk−x˜k−1
)
(
1 + g2exk−xk−1
)
(
1 + g2exk+1−xk
)
hep˜k =
(
ex˜k−xk − 1
)
(
1 + g2exk+1−x˜k
)
(8.7)
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Newtonian form of equations of motion:(
ex˜k−xk − 1
)
(
e
xk−xk˜ − 1) =
(
1 + g2exk+1−xk
)(
1 + g2exk−x˜k−1
)
(
1 + g2e
xk+1˜ −xk)(1 + g2exk−xk−1) (8.8)
8.3 The flow RTL−
Hamilton function:
H(x, p) = H
(−)
2 (c, d) =
∑
k
e−pk
(
1 + g2exk−xk−1
)
(8.9)
Hamiltonian equations of motion:
x˙k = −e
−pk
(
1 + g2exk−xk−1
)
p˙k = g
2exk+1−xk−pk+1 − g2exk−xk−1−pk
(8.10)
Lagrangian equations of motion:
epk = −
(
1 + g2exk−xk−1
)
x˙k
p˙k = −x˙k+1
g2exk+1−xk(
1 + g2exk+1−xk
) + x˙k g2exk−xk−1(
1 + g2exk−xk−1
)
(8.11)
Newtonian equations of motion – the same (8.5) as for the RTL+ (!).
8.4 The map dRTL−
”Hamiltonian” form of equations of motion:
ex˜k−xk − 1 = −he−pk
(
1 + g2exk−x˜k−1
)
ep˜k − pk =
(
1− hg2exk−x˜k−1−pk
)
(
1− hg2exk+1−x˜k−pk+1
) (8.12)
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Lagrangian form of equations of motion:
epk = −
h
(
1 + g2exk−x˜k−1
)
(
ex˜k−xk − 1
)
ep˜k = −
h
(
1 + g2exk+1−x˜k
)
(
ex˜k−xk − 1
)
(
1 + g2ex˜k−x˜k−1
)
(
1 + g2ex˜k+1−x˜k
)
(8.13)
Newtonian form of equations of motion – (8.8), the same as for the dRTL+ (!).
8.5 Lax representations and r–matrix structure
Lax representations for the four systems of this Section is given in terms one and the same
Lax matrix:
Lk =
 λe
pk − λ−1 exk
−g2e−xk+pk 0
 (8.14)
It satisfies the r–matrix ansatz (5.8) with the r–matrix (5.9).
Lax representation for the flow RTL+: (4.10) with
Mk =
 λ
−2 + g2exk−xk−1+pk−1 −λ−1exk
λ−1g2e−xk−1+pk−1 0
 (8.15)
Lax representation for the map dRTL+: (4.12) with
Vk =
 1 + hλ
−2 + hg2exk−x˜k−1+p˜k−1 −hλ−1exk
hλ−1g2e−x˜k−1+p˜k−1 1
 (8.16)
Lax representation for the flow RTL−: (4.10) with
Mk =
 0 −λe
xk−pk
λg2e−xk−1 λ2 + g2exk−xk−1−pk
 (8.17)
Lax representation for the map dRTL−:
Wk+1L˜k = LkWk (8.18)
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with the same Lax matrix (8.14) and
Wk =

1 hλexk−pk
−hλg2e−x˜k−1 1− hλ2 − hg2exk−x˜k−1−pk
 (8.19)
9 Systems RTL± and dRTL±:
Parametrization of the linear bracket
Canonical parametrization of the bracket {·, ·}1:
dk = pk − e
xk−xk−1, ck = e
xk+1−xk (9.1)
9.1 The flow RTL+
Hamilton function:
H(x, p) = H
(+)
1 (c, d) =
1
2
∑
k
p2k +
∑
k
pke
xk+1−xk (9.2)
Hamiltonian equations of motion:
x˙k = pk + e
xk+1−xk
p˙k = pke
xk+1−xk − pk−1e
xk−xk−1
(9.3)
Lagrangian equations of motion:
pk = x˙k − e
xk+1−xk
p˙k =
(
x˙k − e
xk+1−xk
)
exk+1−xk −
(
x˙k−1 − e
xk−xk−1
)
exk−xk−1
(9.4)
Newtonian equations of motion:
x¨k =
(
x˙k+1 − e
xk+1−xk
)
exk+1−xk −
(
x˙k−1 − e
xk−xk−1
)
exk−xk−1 (9.5)
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9.2 The map dRTL+
”Hamiltonian” form of equations of motion:
ex˜k−xk − 1 = hp˜k +
hexk+1−x˜k(
1− hexk+1−x˜k
)
p˜k − pk = hp˜ke
xk+1−x˜k − hp˜k−1e
xk−x˜k−1
(9.6)
Lagrangian form of equations of motion:
hpk = e
x˜k−xk −
1(
1− hexk−x˜k−1
) + hexk−xk−1 − hexk+1−xk
hp˜k = e
x˜k−xk −
1(
1− hexk+1−x˜k
)
(9.7)
Newtonian form of equations of motion:
e
x˜k−xk
− e
xk−xk˜ = hexk+1−xk − he
xk+1˜ −xk(
1− he
xk+1˜ −xk) − he
xk−xk−1 +
hexk−x˜k−1(
1− hexk−x˜k−1
)
(9.8)
9.3 The flow RTL−
Hamilton function:
H(x, p) = H
(−)
1 (c, d) = −
∑
k
log
(
pk − e
xk−xk−1
)
(9.9)
Hamiltonian equations of motion:
x˙k = −
1(
pk − e
xk−xk−1
)
p˙k =
exk+1−xk(
pk+1 − e
xk+1−xk
) − exk−xk−1(
pk − e
xk−xk−1
)
(9.10)
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Lagrangian equations of motion:
pk = −
1
x˙k
+ exk−xk−1
p˙k = −x˙k+1e
xk+1−xk + x˙ke
xk−xk−1
(9.11)
Newtonian form of equations of motion:
x¨k = −x˙
2
k
(
x˙k+1e
xk+1−xk − x˙k−1e
xk−xk−1
)
(9.12)
9.4 The map dRTL−
”Hamiltonian” form of equations of motion:
ex˜k−xk − 1 = −
h(
pk − e
xk−x˜k−1
)
p˜k − pk =
hexk+1−x˜k(
pk+1 − e
xk+1−x˜k
) − hexk−x˜k−1(
pk − e
xk−x˜k−1
)
(9.13)
Lagrangian form of equations of motion:
pk = −
h(
ex˜k−xk − 1
) + exk−x˜k−1
p˜k = −
h(
ex˜k−xk − 1
) + exk+1−x˜k − ex˜k+1−x˜k + ex˜k−x˜k−1
(9.14)
Newtonian form of equations of motion:
h(
ex˜k−xk − 1
) − h(
e
xk−xk˜ − 1) = e
xk+1−xk
− e
xk+1˜ −xk − exk−xk−1 + exk−x˜k−1
(9.15)
9.5 Lax representations and r–matrix structure
All four systems considered in this Section allow Lax representations with the Lax matrix
Lk =
 pk + λ e
xk
−pke
−xk −1
 (9.16)
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which satisfies the r–matrix ansatz (4.8).
Lax representation for the flow RTL+: (4.10) with
Mk =
 −λ −e
xk
pk−1e
−xk−1 0
 (9.17)
Lax representation for the map dRTL+: (4.12) with
Vk =
 1− hλ− h
2p˜k−1e
xk−x˜k−1 −hexk
hp˜k−1e
−x˜k−1 1
 (9.18)
Lax representation for the flow RTL−: (4.10) with
Mk =
λ−1(
pk − e
xk−xk−1
)
 pk e
xk
−pke
−xk−1 −exk−xk−1
 (9.19)
Lax representation the map dRTL−: (8.18) with
Wk = I −
h
λ+ h
1(
pk − e
xk−x˜k−1
)
 pk e
xk
−pke
−x˜k−1 −exk−x˜k−1
 (9.20)
This last Lax representation may be also presented in the form (4.12) with matrix Vk
being more nice than Wk (which is non-tipical for the map dRTL−):
Vk = I +
hλ−1(
pk − e
xk−x˜k−1
)
 pk e
xk
−pke
−x˜k−1 −exk−x˜k−1
 (9.21)
10 Systems RTL± and dRTL±:
The first mixed parametrization
We now consider the following canonical parametrization of the bracket {·, ·}2 − δ{·, ·}1:
dk = e
pk + δ
(
1 + g2exk−xk−1
)
ck = g
2exk+1−xk+pk (10.1)
This is, obviously, a 1–parameter deformation of (8.1). The results of this section in the
limit δ → 0 imply the results of the Section 8.
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10.1 The flow RTL+
Hamilton function:
H(x, p) = H
(+)
2 (c, d) =
∑
k
epk
(
1 + g2exk+1−xk
)
+ δg2
∑
k
exk−xk−1 (10.2)
Hamiltonian equations of motion:
x˙k = e
pk
(
1 + g2exk+1−xk
)
p˙k = g
2
(
epk + δ
)
exk+1−xk − g2
(
epk−1 + δ
)
exk−xk−1
(10.3)
Lagrangian equations of motion:
epk =
x˙k(
1 + g2exk+1−xk
)
p˙k = x˙k
g2exk+1−xk(
1 + g2exk+1−xk
) − x˙k−1 g2exk−xk−1(
1 + g2exk−xk−1
) + δg2(exk+1−xk − exk−xk−1)
(10.4)
Newtonian equations of motion:
x¨k = x˙k+1x˙k
g2exk+1−xk(
1 + g2exk+1−xk
) − x˙kx˙k−1 g2exk−xk−1(
1 + g2exk−xk−1
)
+δg2x˙k
(
exk+1−xk − exk−xk−1
)
(10.5)
It is interesting to remark that the right–hand side of this equation coincides with the
right–hand side of (8.5) plus an additive perturbation which is exactly the right–hand side
of the modified Toda lattice (5.4).
10.2 The map dRTL+
”Hamiltonian” form of equations of motion:
ex˜k−xk − 1 =
hep˜k
(
1 + g2exk+1−x˜k
)
(
1 + hδg2exk+1−x˜k
)
ep˜k−pk =
(
1 + hg2
(
ep˜k + δ
)
exk+1−x˜k
)
(
1 + hg2
(
ep˜k−1 + δ
)
exk−x˜k−1
)
(10.6)
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Lagrangian form of equations of motion:
hepk =
(
ex˜k−xk − 1
)
(
1 + g2exk−x˜k−1
)
(
1 + g2exk−xk−1
)
(
1 + g2exk+1−xk
) (1 + hδg2exk−x˜k−1)
hep˜k =
(
ex˜k−xk − 1
)
(
1 + g2exk+1−x˜k
) (1 + hδg2exk+1−x˜k)
(10.7)
Newtonian form of equations of motion:(
e
x˜k−xk
− 1
)
(
e
xk−xk˜ − 1) =
(
1 + g2exk+1−xk
)(
1 + g2exk−x˜k−1
)(
1 + hδg2e
xk+1˜ −xk)(
1 + g2e
xk+1˜ −xk)(1 + g2exk−xk−1)(1 + hδg2exk−x˜k−1) (10.8)
Interesting enough, the right–hand side of the last equation is the product of the right–
hand sides of (8.8) and (5.6).
10.3 The flow RTL−
Hamilton function:
H(x, p) = −δ−1H
(−)
1 (c, d)− δ
−1
∑
k
pk = δ
−1
∑
k
log(dk)− δ
−1
∑
k
pk (10.9)
where, recall,
dk = e
pk + δ
(
1 + g2exk−xk−1
)
= epk +O(δ) (10.10)
Hamiltonian equations of motion:
x˙k = −d
−1
k
(
1 + g2exk−xk−1
)
p˙k = d
−1
k+1g
2exk+1−xk − d−1k g
2exk−xk−1
(10.11)
Lagrangian equations of motion:
epk = −
(
1 + g2exk−xk−1
)
x˙k
(1 + δx˙k)
p˙k = −x˙k+1
g2exk+1−xk(
1 + g2exk+1−xk
) + x˙k g2exk−xk−1(
1 + g2exk−xk−1
)
(10.12)
22
Newtonian equations of motion:
x¨k = (1 + δx˙k)
x˙k+1x˙k g2exk+1−xk(
1 + g2exk+1−xk
) − x˙kx˙k−1 g2exk−xk−1(
1 + g2exk−xk−1
)
 (10.13)
This is a multiplicative perturbation of (8.5).
10.4 The map dRTL−
”Hamiltonian” equations of motion:
ex˜k−xk − 1 = −hD−1k
(
1 + g2exk−x˜k−1
)
ep˜k−pk =
(
1− hD−1k g
2exk−x˜k−1
)
(
1− hD−1k+1g
2exk+1−x˜k
) (10.14)
where
Dk = e
pk + δ
(
1 + g2exk−x˜k−1
)
= epk +O(δ) (10.15)
Lagrangian form of equations of motion:
hepk = −
(
δ
(
ex˜k−xk − 1
)
+ h
)
(
ex˜k−xk − 1
) (1 + g2exk−x˜k−1)
hep˜k = −
(
δ
(
ex˜k−xk − 1
)
+ h
)
(
ex˜k−xk − 1
) (1 + g2exk+1−x˜k)
(
1 + g2ex˜k−x˜k−1
)
(
1 + g2ex˜k+1−x˜k
)
(10.16)
Newtonian form of equations of motion:(
ex˜k−xk − 1
)(
δ
(
e
xk−xk˜ − 1)+ h)(
e
xk−xk˜ − 1)(δ(ex˜k−xk − 1)+ h) =
(
1 + g2exk+1−xk
)(
1 + g2exk−x˜k−1
)
(
1 + g2e
xk+1˜ −xk)(1 + g2exk−xk−1)
(10.17)
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Special case δ = h. If the parameter δ is equal to the (small) stepsize h, the map
dRTL− simplifies, providing discretization of the relativistic Toda lattice (8.5) different
from (8.8). In this case the ”Hamiltonian” equations of motion read:
ex˜k−xk =
1
1 + he−pk
(
1 + g2exk − x˜k−1
)
ep˜k−pk =
(
1 + hg2
(
epk+1 + h
)−1
exk+1−x˜k
)
(
1 + hg2
(
epk + h
)−1
exk−x˜k−1
)
(10.18)
The Lagrangian equations of motion read:
epk = −
h
(
1 + g2exk−x˜k−1
)
(
1− e−x˜k+xk
)
ep˜k = −
h
(
1 + g2ex˜k−x˜k−1
)
(
1− e−x˜k+xk
)
(
1 + g2exk+1−x˜k
)
(
1 + g2ex˜k+1−x˜k
)
(10.19)
The Newtonian equations of motion:(
1− e
−x˜k+xk
)
(
1− e
−xk+xk˜ ) =
(
1 + g2exk+1−xk
)(
1 + g2exk−x˜k−1
)
(
1 + g2e
xk+1˜ −xk)(1 + g2exk−xk−1) (10.20)
The system resembles very much the previous discretization of the relativistic Toda lattice
(8.8), however the relation between the two is far from trivial.
10.5 Lax representations and r–matrix structure
The Lax representations for the four systems considered in this Section may be given in
terms of the following Lax matrix:
Lk =

λepk − λ−1 exk
−g2
(
epk + δ
)
e−xk λδg2
 (10.21)
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which satisfies the r–matriz ansatz (5.8) with the r–matrix (5.9).
The Lax representation for the flow RTL+: (4.10) with
Mk =

λ−2 + g2
(
epk−1 + δ
)
exk−xk−1 −λ−1exk
λ−1g2
(
epk−1 + δ
)
e−xk−1 0
 (10.22)
Lax representation for the map dRTL+: (4.12) with
Vk =

1 + hλ−2 + hg2
(
ep˜k−1 + δ
)
exk−x˜k−1 −hλ−1exk
hλ−1g2
(
ep˜k−1 + δ
)
e−x˜k−1 1
 (10.23)
Lax representaion for the flow RTL−: (4.10) with
Mk =
d−1k
1 + δλ2

−λ2
(
epk + δ
)
−λexk
λg2
(
epk + δ
)
e−xk−1 g2exk−xk−1
 (10.24)
Lax representation for the map dRTL−: (8.18) with
Wk = I +
hD−1k
1 + (δ − h)λ2

λ2
(
epk + δ
)
λexk
−λg2
(
epk + δ
)
e−x˜k−1 −g2exk−x˜k−1
 (10.25)
Special case δ = h. In this case, for the map dRTL−, the dependence of the matrix
Wk on λ simplifies, because the denominator 1 + (δ − h)λ
2 becomes equal to 1.
11 Systems RTL± and dRTL±:
The second mixed parametrization
We consider the following canonical parametrization of the variables (c, d):
dk =
eǫpk − 1
ǫ
− exk−xk−1, ck = e
xk+1−xk+ǫpk (11.1)
By small ǫ it serves as a deformation of (9.1). The corresponding Poisson bracket is
{·, ·}1 + ǫ{·, ·}2. the results of this Section allow to recover that of the section 9 in the
limit ǫ → 0 (in order to reproduce the Lax representations of the Sect.9, the spectral
parameter λ of this Section has to be replaced by 1 + ǫλ/2 + O(ǫ2) before perforimg the
limit ǫ→ 0).
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11.1 The flow RTL+
Hamilton function:
H(x, p) = ǫ−1H
(+)
2 (c, d)− ǫ
−1
∑
k
pk =
∑
k
eǫpk − 1− ǫpk
ǫ2
+
∑
k
eǫpk − 1
ǫ
exk+1−xk (11.2)
Hamiltonian equations of motion:
x˙k =
(
eǫpk − 1
)
ǫ
+ exk+1−xk+ǫpk
p˙k =
(
eǫpk − 1
)
ǫ
exk+1−xk −
(
eǫpk−1 − 1
)
ǫ
exk−xk−1
(11.3)
Lagrangian equations of motion:
eǫpk =
(1 + ǫx˙k)(
1 + ǫexk+1−xk
)
p˙k =
(
x˙k − e
xk+1−xk
)
(
1 + ǫexk+1−xk
) exk+1−xk −
(
x˙k−1 − e
xk−xk−1
)
(
1 + ǫexk−xk−1
) exk−xk−1
) (11.4)
The corresponding Newtonian equations of motion read:
x¨k = (1 + ǫx˙k)

(
x˙k+1 − e
xk+1−xk
)
(
1 + ǫexk+1−xk
) exk+1−xk −
(
x˙k−1 − e
xk−xk−1
)
(
1 + ǫexk−xk−1
) exk−xk−1

(11.5)
11.2 The map dRTL+
”Hamiltonian” equations of motion:
ex˜k−xk − 1 = h
(
eǫp˜k − 1
)
ǫ
+
hexk+1−x˜k+ǫp˜k(
1− hexk+1−x˜k
)
eǫp˜k−ǫpk =
(
1 + h
(
eǫp˜k − 1
)
exk+1 − x˜k
)
(
1 + h
(
eǫp˜k−1 − 1
)
exk − x˜k−1
)
(11.6)
26
Lagrangian equations of motion:
heǫpk =
(
ǫ
(
ex˜k−xk − 1
)
+ h
) (1− hexk−x˜k−1)(
1 + (ǫ− h)exk−x˜k−1
)
(
1 + ǫexk−xk−1
)
(
1 + ǫexk+1−xk
)
heǫp˜k =
(
ǫ
(
ex˜k−xk − 1
)
+ h
) (1− hexk+1−x˜k)(
1 + (ǫ− h)exk+1−x˜k
)
(11.7)
Newtonian equations of motion:
ǫ
(
e
x˜k−xk
− 1
)
+ h
ǫ
(
e
xk−xk˜ − 1)+ h =
(
1 + ǫexk+1−xk
)(
1− he
xk+1˜ −xk)(1 + (ǫ− h)exk−x˜k−1)(
1 + ǫexk−xk−1
)(
1− hexk−x˜k−1
)(
1 + (ǫ− h)e
xk+1˜ −xk)
(11.8)
Special case ǫ = h. If the parameter ǫ is equal to the (small) stepsize h, then the
equations above greatly simplify, delivering another discretization of the system (9.5). In
this case we obtain the following ”Hamiltonian” equations of motion:
ex˜k−xk =
ehp˜k(
1− hexk+1−x˜k
)
ehp˜k−hpk =
(
1 + h
(
ehp˜k − 1
)
exk+1 − x˜k
)
(
1 + h
(
ehp˜k−1 − 1
)
exk − x˜k−1
)
(11.9)
Lagrangian equations of motion:
ehpk = ex˜k−xk
(
1− hexk−x˜k−1
)(1 + hexk−xk−1)(
1 + hexk+1−xk
)
ehp˜k = ex˜k−xk
(
1− hexk+1−x˜k
) (11.10)
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Newtonian equations of motion:
e
x˜k−2xk+xk˜ =
(
1 + hexk+1−xk
)(
1− he
xk+1˜ −xk)(
1 + hexk−xk−1
)(
1− hexk−x˜k−1
) (11.11)
11.3 The flow RTL−
Hamilton function:
H(x, p) = H
(−)
1 (c, d) + ǫ
∑
k
pk = −
∑
k
log(dk) + ǫ
∑
k
pk (11.12)
where, recall,
dk =
eǫpk − 1
ǫ
− exk−xk−1 = pk − e
xk−xk−1 +O(ǫ) (11.13)
Hamiltonian equations of motion:
x˙k = −d
−1
k
(
1 + ǫexk−xk−1
)
p˙k = d
−1
k+1 e
xk+1−xk − d−1k e
xk−xk−1
(11.14)
Lagrangian equations of motion:
eǫpk =
(
1 + ǫexk−xk−1
) (x˙k − ǫ)
x˙k
p˙k = −x˙k+1
exk+1−xk(
1 + ǫexk+1−xk
) + x˙k exk−xk−1(
1 + ǫexk−xk−1
) (11.15)
Newtonian equations of motion:
x¨k = −x˙k(x˙k − ǫ)
x˙k+1 exk+1−xk(
1 + ǫexk+1−xk
) − x˙k−1 exk−xk−1(
1 + ǫexk−xk−1
)
 (11.16)
11.4 The map dRTL−
”Hamiltonian” equations of motion:
ex˜k−xk − 1 = −hD−1k
(
1 + ǫexk−x˜k−1
)
eǫp˜k−ǫpk =
(
1− hǫD−1k e
xk−x˜k−1
)
(
1− hǫD−1k+1e
xk+1−x˜k
) (11.17)
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where
Dk =
eǫpk − 1
ǫ
− exk−x˜k−1 = pk − e
xk−x˜k−1 +O(ǫ) (11.18)
Lagrangian form of equations of motion:
eǫpk =
(
ex˜k−xk − 1− hǫ
)
(
ex˜k−xk − 1
) (1 + ǫexk−x˜k−1)
eǫp˜k =
(
ex˜k−xk − 1− hǫ
)
(
ex˜k−xk − 1
) (1 + ǫexk+1−x˜k)
(
1 + ǫex˜k−x˜k−1
)
(
1 + ǫex˜k+1−x˜k
)
(11.19)
Newtonian form of equations of motion:(
ex˜k−xk − 1
)(
e
xk−xk˜ − 1− hǫ)(
e
xk−xk˜ − 1)(ex˜k−xk − 1− hǫ) =
(
1 + ǫexk+1−xk
)(
1 + ǫexk−x˜k−1
)
(
1 + ǫe
xk+1˜ −xk)(1 + ǫexk−xk−1) (11.20)
11.5 Lax representations and r–matrix structure
The Lax representations for the four systems considered in this Section may be given in
terms of the following Lax matrix:
Lk =

λeǫpk − λ−1 ǫexk
−
(
eǫpk − 1
)
e−xk −ǫλ
 (11.21)
which satisfies the r–matriz ansatz (6.10) with the r–matrix (5.9).
The Lax representation for the flow RTL+: (4.10) with
Mk =

λ−2 − 1
ǫ
+
(
eǫpk−1 − 1
)
exk−xk−1 −λ−1exk
λ−1
(
eǫpk−1 − 1
)
ǫ
e−xk−1 0
 (11.22)
Lax representation for the map dRTL+: (4.12) with
Vk =

1−
h
ǫ
+
h
ǫ
λ−2 +
h(ǫ− h)
ǫ
(
eǫp˜k−1 − 1
)
exk−x˜k−1 −hλ−1exk
h
ǫ
λ−1
(
eǫp˜k−1 − 1
)
e−x˜k−1 1
 (11.23)
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Lax representaion for the flow RTL−: (4.10) with
Mk =
d−1k(
λ2 − 1
)

λ2
(
eǫpk − 1
)
λǫexk
−λ
(
eǫpk − 1
)
e−xk−1 −ǫexk−xk−1
 (11.24)
Lax representation for the map dRTL−: (8.18) with
Wk = I +
hD−1k(
1− (1 + hǫ)λ2
)

λ2
(
eǫpk − 1
)
λǫexk
−λ
(
eǫpk − 1
)
e−x˜k−1 −ǫexk−x˜k−1
 (11.25)
Special case ǫ = h. In this case the Lax representation for the map dRTL+ simplifies
significantly: it reads (4.12) with
Lk =

λehpk − λ−1 hexk
−
(
ehpk − 1
)
e−xk −hλ
 (11.26)
Vk =

λ−2 −hλ−1exk
λ−1
(
ehp˜k−1 − 1
)
e−x˜k−1 1
 (11.27)
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